Information about the number of Feynman graphs for a given physical process in a given field theory is especially useful for confirming the result of a Feynman graph generator used in an automatic system of perturbative calculations. A method of counting the number of Feynman graphs with weight of symmetry factor was established based on zero-dimensional field theory, and was used in scalar theories and QED. In this article this method is generalized to more complicated models by direct calculation of generating functions on a symbolic calculating system. This method is applied to QCD with and without counter terms, where many higher order are being calculated automatically.
Introduction
A program of generating Feynman graphs is one of the fundamental components of an automatic calculating system of perturbative calculations in field theories. Such programs have been developed for QED [1, 2] and for general field theories [3, 4, 5, 6] . The number of generated graphs of a physical process increases rapidly as a function of the number of loops and the number of external particles. Although one has to check correctness of the set of generated Feynman graphs, it is too many to perform by hands. It is desirable to have information about number of Feynman graphs calculated independently of graph generation methods.
Usually counting numbers of Feynman graphs have been limited to QED or scalar theories with one or two kinds of interactions. The aim of this article is to extend the method to various models, especially to QCD where many higher order corrections are calculated.
There are two methods known to count the number of Feynman graphs. One is a combinatorial method in graph theory [7, 3] and the other is perturbative calculation in 0-dimensional field theory [8, 9] . With the former method, the numbers of graphs in φ 3 + φ 4 model are calculable for general and connected graphs. However, it seems not easy to extend to more complicated physical models, where many kinds of particles appear with many kinds of interactions.
The method based on 0-dimensional field theory, developed by F. Cvitanović et al. [8] , calculates not the plain numbers of Feynman graphs but weighted numbers of Feynman graphs; the weight is defined as symmetry factor 1/S, where S is the order of aoutomorphism group of the graph. This symmetry factor is one appearing in the Feynman rules and is needed for the calculation of Feynman amplitudes. With this weight the counted numbers are no more integers but rational numbers. These weighted numbers provide more severe test for a Feynman graph generator than the plain number of graphs, since the symmetry factors are not trivial to calculate. As this method is based on the formulation of field theories, it has flexibility in applying to many variety of physical models.
The idea is to consider a situation where the Feynman amplitude of each Feynman graph becomes one except for coupling constants and symmetry factor. Then the standard perturbative calculation produces the weighted number of Feynman graphs instead of physical S-matrix elements. It is possible to realize such a situation by putting dimension of the space-time zero, where coordinates, momenta, and loop integrals vanish, and by using modified Lagrangian where propagators and vertices become one.
The method developed in [8] is formulated on the generating functional of Green's functions and calculates them one by one with recursion relation, derived form Dyson-Schwinger equation prepared for a model by model. And the size of the calculation made manageable by using this recursion relation. However, we can now use powerful computer hardware with computer algebra systems. With these tools one will be able to calculate full generating functional directly for more complicated physical models. We have tried this approach and obtained the weighted number of Feynman graphs in QCD with and without counter terms.
In the next section, a brief description of the framework of the calculation is presented. Our method is introduced in section 3 along with appendix A, and is applied to some models in section 4. The resulting numbers are shown in appendix C. We discuss recursion relation among Green's functions in appendix B as a generalization of the method used in [8] based on Dyson-Schwinger equation. Summary and discussions are given in the last section.
Framework of the calculation
Let F be a field theory in which we calculate Feynman amplitudes of physical processes. We consider another field theory F 0 in 0-dimensional space-time, in which each Feynman amplitude of a Feynman graphs is one except for coupling constants and symmetry factor. Summing them over Feynman graphs in F 0 , we obtain the number of Feynman graphs weighted by symmetry factor. Cvitanović et al. [8] showed the correspondence between F and F 0 and obtained the weighted numbers in F which are the same to ones in F 0 . According to them we summarize the 0-dimensional field theory and how to construct F 0 from F :
1. All quantities do not depend on space-time coordinate nor on momenta, because the coordinate itself disappears here. Especially differentials and integrals over coordinate or momentum space disappear.
2. Phases of coupling constants and fields are changed such that the factors of power of i = √ −1 disappear in the action.
3. Propagators should be one. That is, both the numerator and the denominator of a propagator are one.
4. Sign factors related to fermions are changed to one. This implies that fermions in F are treated as bosons in F 0 . Ghosts are changed to bosons, too.
5. Vector bosons also changed to scalar fields, since their propagators are one. Thus only neutral and charged scalar bosons appear in F 0 .
6. Color and other internal symmetries are ignored and all particles are singlet in F 0 (some models with internal symmetries are considered in [8] .)
7. Coupling constants are kept for perturbative calculations, and their coefficients are defined so that the factors for vertices in Feynman rules become coupling constant without numerical factor. For example, φ 3 interaction appears as g/3!φ 3 . in the Lagrangian of F 0 .
For example, the Lagrangian of F 0 for QCD with u-and d-quarks is given by
where A is neutral scalar field corresponding to gluon, and φ u , φ d and φ g are charged scalar fields corresponding to u-quark, d-quark and ghost, respectively. Let us first consider a model consists of one self-interacting neutral scalar field φ. Generating functional Z[J] with source field J is defined in F by:
It is written after path integral as:
Green's functions are calculated by:
In order to make the contribution of each Feynman graph to one, we adjust phases of fields and coupling constants such that
We have:
where
Here J is no more function on coordinate space but a simple variable and φ is a differential operator:
Generating 'functional' becomes a function. Potential V (φ) in the case of φ 3 + φ 4 model with coupling coupling constant g becomes
In order also to calculate the number of vacuum graphs, we use
. We calculate Z 1 [J] directly as a power series with respect to g, with the aid of computer algebra systems, in limiting by the maximum order of coupling constants C max . It implies that g Cmax+1 in expressions is set to zero. Thus Z 1 [J] becomes a polynomial with respect to the variable g of maximum degree
is obtained, the weighted numbers of connected graphs and one-particle-irreducible (1PI) graphs are calculated in the usual procedure.
Method
For the general case, we consider arbitrary neutral and charged fields. As we will see in section 4, the calculation grows rapidly with the number of variables, and it is desirable to decrease the number of variables if possible. When particle numbers of charged fields are conserved, these fields always appear through products of pairs like ψ * ψ. For such fields calculation is accelerated when they are handled in pairs rather than two independent variables ψ and ψ * . Including these situations, we take the following notation for representing field variables:
As the action of the model in 0-dimensional space-time, we assume
Generating function Z 1 of Feynman amplitudes, including vacuum graphs, is expressed by:
The field variables in S int are replaced by differential operators:
We define the following function Q under the rule of g Cmax = 0:
This function is of at least O(g). We use vector notation of indices:
Function Q is expressed by:
where the coefficients a ijkl are functions of g and are O(g) except for a 0000 = 1, and fields represent differential operators acting on Z 0 . We define the set of functions P andP such that:
These functions are polynomials with respect to the source fields. Concrete forms and formulae of P andP are given in appendix A. With these polynomials we obtain
Thus we obtain Z 1 [J] explicitly and the weighted number of Feynman graphs at the same time for all possible physical processes under limitation of order of coupling constants by C max . This method, power series expansion and replacement of the monomials of field variables by P andP , can easily be done with the aid of a computer algebraic system.
The weighted numbers of connected Feynman graphs are obtained by calculating log Z 1 as usual:
Term log(1 + Q) is calculated by power series expansion:
This calculation is also performed on a symbolic calculating system. It is noted that functionW is at least O(g). We calculateW instead of W 1 ; the differences are 2-point functions of free propagation. The power series expansion ofW is written
The coefficients c ijkl are the weighted number of Feynman graphs for a process with specified external particles. In this way we obtain the weighted numbers of Feynman graphs for all possible physical processes at the same time.
The numbers for 1PI Feynman graphs are calculate by Legendre transformation as in the usual way:
and
Function Γ 1 is to be expressed as a function of φ, ψ, ψ * and ρ = ψ * ψ, where source fields J, η, η * and σ are eliminated. We use the following expressions for the elimination of source fields:
The right-hand sides of these equations depend on source fields through derivatives ofW , which are at least O(g). We can eliminate source fields in the right-hand sides of these expressions by repeated substitution of source fields by these equations themselves.
In order to see how it works, let us consider an example of a model of one scalar filed. SinceW is a polynomial with respect to source fields J and is O(g), the above equations is written in the following form:
where coefficients a j are functions of g of O(g 0 ). Replacing J in the right hand side by this equation itself, we obtain
SinceW ′ (J) is O(g), the terms dependent on J become of O(g 2 ). When this substitution is made once more, the terms dependent on J become of O(g 3 ). Repeating this substitution, at most C max times in this case, the terms dependent on J become of O(g Cmax+1 ) and are set to zero. Thus we obtain the expression in which J is eliminated. For general case with n field variables, all source fields are eliminated by these substitution at most n 2 C max times. This process is also done on a symbolic calculating system. When we put g → 0 in Eq. (28), we obtain
The terms in the right-hand side represents the contribution from free propagators to generating function Γ 1 . We put aside these terms in our calculation and define
The weighted numbers of 1PI graphs d ijkl are obtained by the power series expansion ofΓ 1 for each process:
Models
We have prepared a program written for REDUCE system [10] to implement our algorithm. The program is applied to several models.
φ 3 + φ 4 model
We have calculated the weighted number of graphs in the model which consists of one neutral scalar field defined by (11) . The action is:
The resulting numbers of Feynman graphs are useful for testing generation of 'topologies' of a graph generation program for QCD, the standard model, and other renormalizable models. It took about 9 second for C max = 21 on a rather old Intel machine with Intel(R) Core(TM) i5-2500 CPU. A part of resulting numbers are shown in Table  1 in appendix C.
We have also calculated in the model with counter terms. In this calculation we excluded tadpole counter terms. The action is:
The resulting numbers are also shown in the same table in appendix C. The required CPU time is increased several percent to the case of no counter terms.
QCD
We have counted the weighted number of Feynman graphs in QCD with N f quark fields. The action is:
where A is a neutral scalar field corresponding to gluon, ψ ′ j are charged scalar fields corresponding to j-th quark, and ψ g to ghost. The resulting numbers are shown for the case of N f = 2 and 6 in Tables 2 in appendix C.
We have measured CPU time consumed for N f = 2, 4, 6 as shown in Fig. 1 . It shows used CPU time grows exponentially for the order of coupling constants. The rate of the growth becomes steeper as increasing the number of fields.
Similar to the case of φ 3 + φ 4 model, counter terms are included as shown in the same tables in appendix C. The action is:
QED
For QED, the formulation is to be modified to incorporate Furry's theorem as described by Ref. [8] . It is done by replacing Z 1 of Eq. (13) by where A corresponds to photon field, J to its source field, and σ = η ′ * η ′ to the source field of electron-positron pair, and e is QED coupling constant. Since electron and positron fields are already integrated out, replacement of ρ m = (ψ ′ * ψ ′ ) m byP m is not necessary. Although the expression of Q alters, the succeeding procedure of counting connected and 1PI is the same. As mentioned in [8] , symmetry factors in QED equal to one except for vacuum graphs. Our program used about 110 seconds for C max = 21. Results agreed with Ref. [8] .
Summary and Discussions
The method of calculating the number of Feynman graphs weighted by symmetry factors for connected and 1PI Feynman graphs is proposed. With this method we have calculated in several models, especially in QCD, with or without counter terms. This method is to calculates generating functional directly in 0-dimensional field theory. The calculation is performed using a symbolic algebraic system. The main technical points are the replacement of product of differential operators by polynomials P m ,P m,n andP m , and calculation of Legendre transformation by repeated substitutions of variables. Based on the obtained numbers, systematic testing tool is prepared in Feynman graph generator grc described in Ref. [4] . We present some comments in order:
• This method is suitable for automatization. Once an action of a model is given, calculating procedure of Z, and then the weighted number of connected graphs and 1PI graphs, is model independent.
• As the number of particles increases, the expression grows rapidly. The calculated generating function includes all possible physical processes only limited by the maximum number of order of coupling constants. The total number of processes grows rapidly corresponding to the growth of the number of combinations of external particles of possible processes. For this reason, the calculation in electro-weak theory, which includes 20 field variables, caused a problem of calculation size. We have succeeded to calculate up to O(g 3 ); however, it failed for higher order calculation in REDUCE system because of memory problems.
• It is possible to count numbers for process by process as a generalization of the method described in Ref. [8] based on Dyson-Schwinger equation. One can write down corresponding recursion relation among Green's functions based on a differential equation satisfied by P m andP m,n . This method is described in appendix B. We can calculate Green's function one by one for connected graphs. However, it will be necessary to follow the same procedure for Legendre transformation to obtain 1PI graphs. This method will become complicated for the models with many particles such as electro-weak theory.
• The most CPU consuming part is one of calculating Legendre transformation. Optimization of this part will be depending on symbolic algebraic system.
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A Polynomials P m ,P m,n andP m
We look into the polynomial P m ,P m,n andP m introduced by Eqs. (21) -(23).
A.1 P m : neutral scalar fields
Let P m (x) be polynomials defined by:
Polynomials P m can be expressed by Hermite polynomials: 1
Generating function is
The explicit form of P m is
It is easy to see that P m satisfies the following relations.
Each of them satisfies the following differential equation:
with initial values at x = 0:
The first several of them are as the following:
The lower degree terms in each P j correspond to the contributions from looped graphs. 1 The definition of H m is different among text books. We use H n (x) = (−1) n e
A.2P m,n : complex scalar fields
We defineP by:P m,n (x, y) := e −xy ∂ m ∂x m ∂ n ∂y n e xy .
These polynomials are expressed by Laguerre polynomial L α n : 2
Generating function of them is
The explicit form is:
They satisfy the following recursion relations:
They satisfy the following differential equations:
with initial values at the origin:
The first several of them are shown as the following:
y 2 xy 2 + 2y x 2 y 2 + 4xy + 2 x 3 y 2 + 6x 2 y + 6x 3 y 3 xy 3 + 3y 2 x 2 y 3 + 6xy 2 + 6y x 3 y 3 + 9x 2 y 2 + 18xy + 6
(67) 2 We use the definition
n+α . This is also called Sonin polynomial.
A.3P m : pairs of charged fields
When particle number is conserved for charged particle,P m,n appear only in the following form, in which we use z = xy:
They satisfy the following recursion relation:
and differential equation
B Recursion relation among Green's functions.
Let us consider a model consists of gluon and ghost, for simplicity. The interaction part of action S int is
where A, ψ and ψ * are scalar fields correspond to gluon, ghost and anti-ghost fields, respectively. We use variable ρ for the product of ψ * ψ, and J for the source field of A and σ for one of ρ. The variables r and s are introduced to count the power of A and ρ, respectively. The generating function becomes
Expanding e −S int we obtain
Using Eqs. (55) and (70) we obtain the following differential equations for Q:
From these equations one can obtain differential equations for Z 1 . They correspond to a generalization of Dyson-Schwinger equation described in Ref. [8] . We also obtain differential equations satisfied by the generating function W for connected graphs:
Let us define the following functions of r and s:
They become Green's functions of connected graphs when r = s = 1. We obtain recursion relation between W (j,k) from the differential equation of W :
This set of equations implies that all of W (j,k) can be obtained as functions of r and s with W (0,0) and W (1,0) as inputs. Let
They are functions of r and s of O(g) and are calculable from Eqs.(77), (56), and (71). Expanding with respect to the coupling constant g, input functions W (0,0) and W (1,0) are calculable from:
This method makes the problem size smaller, since it enables to calculate specific processes without calculating all possible processes. For 1PI graphs, however, one has to take the same procedure described in section 3. It is straight forward to include other interaction terms such as counter terms. In these cases differential equations left unchanged; only Q (0,0) and Q (1, 0) are changed through replacement of Eq. (77). It is also easy to include quarks by augmenting the number of charged scalars and replacing interaction term g(sψ * ψ)(rA) by g i (s i ψ * i ψ i )(rA). For more complicated model, it will be necessary to use differential equations forP m,n (x, y) and initial values given by Eqs.(64) -(66).
C Calculated numbers of Feynman graphs
Here we show the calculated numbers of Feynman graphs weighted by symmetry factor are shown in the following tables for scalar theory and QCD. 3 
C.1 Scalar model φ
The weighted number of Feynman graphs are shown for φ 3 + φ 4 model in Table 1 for both with and without counter terms described by Eqs. (44) and (45). Column 'E' represents the number of external particles and 'L' the number of loops. Columns with '(CT)' indicates that counter terms are included in the model. Calculation was done for C max = 21 and the numbers were obtained from (E = 0, L = 11) to (E = 23, L = 0). However we show here a part of them limiting to E ≤ 6 and L ≤ 6. Table 2 Table of weighted number of QCD with 6 quarks model, with and without counter terms. 'E' represents the number of external particles and 'L' the number of loops. 'gl' represents the number of external gluons and 'q 1 ', 'q 2 ', 'q 3 ' the number of external quark 1, 2, 3. Symbol '(CT)' indicates that counter terms are included in the model.
